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Abstract  

The complex quaternion approach to relativistic quantum theory is extended to include 
time, in the preferred cosmic reference frame, as a fifth dimension. Particle mass appears 
as an eigenvalue of this invaxiant operator. Closing the extended algebra also suggests three 
additional space-time components, possibly related to microscopic rotational degrees of 
freedom and the scale setting fundamental length. The Dirac, Klein-Gordon, Maxwell, 
and Einstein equations are generalized to accommodate 5- and 8-vector space-time, in- 
cluding gravitational curvature. The usual conserved probability density is shown to harbor 
fundamental difficulties. 

1. Introduction 

In a recent series of papers (Edmonds, 1972, 1973), we have attempted to 
explore the physical possibilities contained in the quaternion formulation of 
relativistic quantum theory. The basic theme of this work has been the idea 
that nonrelativistic quantum theory (the Schr6dinger equation) is most natur- 
ally expressed in the complex number system. Therefore, there may exist a 
natural hypercomplex number system for relativistic quantum theory. Physi- 
cists have chosen instead, to handle the complications of relativistic theory by 
building matrices on the complex number system. This can apparently always 
be done, but the resulting structure has many equivalent representations and is 
so open ended that it does not suggest specific 'natural' generalizations. We 
have shown that the complex quaternion algebra gives a natural language for 
space-time and for massless quantum theory. This works only because space 
has three dimensions. The natural match is unlikely to be a coincidence, ttere 
we develop the idea that rest mass requires a generalization of this algebra and 
that this mass generalization may be connected with the recently confirmed 
existence of a preferred reference frame in cosmology. 
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2. Massless Quaternion Theory 

To motivate the algebraic extension, we briefly review the structure of 
massless quantum theory in quaternion form. Four-dimensional space-time is 
represented by a real quaternion: 

x -xUeu ,  x ° - e t ,  xk - - {x ,y , z} ,  eo *--, 1, e x ~ o k  (2.1) 

A Lorentz transformation takes the form 

x -+ x' -- xdeu =- ~ * x ~ ,  ~LP-~ ~Ueu, ~q~=~q$ = e0 (2.2) 

We have two basic conjugations, x* andx$, with (xy)* = y ' x * ,  (xy)* =y$x$. 
For the &vector xUeu, we have (xUeu)* = xUeu, (xUeu)$ = x°eo - x k e e .  It 
follows that 

(x[y) --- ½[(x'y) + ( )*1 = xUy•eo = invariant (2.3) 

Next we define a real quatemion momentum operator, PUe u. By definition, 
it transforms as a 4-vector, P-+ P' = ~ o , p ~ .  This enables us to write down, by 
inspection, three covafiant wave equations 

, ?. 

P$~v = 0 ~v -+ ~v ==oCP ~v (2.4) 

(pip)g,_r(Piq,)=o ~,~g,'=~,g,2e 
Notice that no matrices appear here and that the covariance is very manifest. 

It is a property of the quaternion algebra that {(eo + e3), ( e l  - -  ie2)} and 
{(el + ie2), ( e o -  e3)} give two independent, two component, quaternion sub- 
algebras, when multiplied only from the left by other quaternions. Thus ~a 
and 0v each have only two components. 

The wave equations in equation (2.4) have been used to describe neutrinos, 
antineutrinos, and photons-all  massless particles. The complex quaternion 
algebra seems incapable of  accommodating rest mass without resorting to 
quaternion matrices. This can be taken to mean that a higher algebra is needed 
in this case, and opens the possibility of a higher dimensional space-time structure. 

3. Extension of  the Quaternion Algebra 

The Dirac equation is the only known first-order massive equation of physi- 
cal importance. We therefore use it to explore the higher algebra. It involves, 
basically, coupling the Ca and ~v equations with an invariant parameter, m. 
There are several covariant ways of doing this. For example 

P~a = racy P*¢a = m*~v 
or alternatively (3.1) 

P$~v = m~a P ~ v  = m~a 

These are equivalent i fP  = P* and m = m*. Using matrices, we can write 
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Since the ordinary quaternion elements, eu, can also be written in several 
2 x 2 matrix representations, au, we suspect that equation (3.2) is a representa- 
tion of some higher hypercomplex number "algebra. We would like this algebra 
to have a minimum number of independent elements and to reduce to the 
quaternion algebra when the rest mass goes to zero. There seems to be a rather 
unique matrix algebra, of the form in equation (3.2), which meets these two 
requirements. It gives the Dirac equation in the form 

(O 0 ~(~a~=(0m m$*~(t)a~ (3.3) 
P * * / \ ~ v ]  0 / \ ~ v /  

This is equivalent to the usual form because P* = P and m** = m. Notice that 
this matrix algebra is closed under multiplication: 

(; °**)¢0 :**)=(: 
(3.4) 

(o ° ) The matrices a** form a closed subgroup, in one-to-one correspondence 

with the quaternion multiplication algebra, as desired. The matrices (0  ; :~* ) 

give a four-component, complex, extension of the algebra. The new algebra 
has the following 16 basis elements 

( ;u  e0u*) ' (O" Oiea:~)' (e O ;uS)  ' ( ; u  0 i e S )  (3.5) 

You can try other possibilities in equation (3.2), but they require more than 
16 elements to close the algebra. 

With this motivation, we can abstract the multiplication properties of equa- 
tion (3.4) and define the following hypercomplex number system: 

a = aeae, +af~fm p = O, 1, 2, 3, aebe ~-~[ae#otzbeVov]e 
afbf*..~ [(af"ota)**(bfVov)]e, afbe~--~ [afUoubeVovlf 

and 

aebf ~-. [(aeUO,)$*bfVo~,]f (3.6) 
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The [ ]e and [ ] f m e a n  that the product  inside is converted to e~, and fx  re- 
spectively, after being multiplied out and condensed. For example, 

(5i f l ) (3e2)  -+ (5ioO(3Oz) = 15i0102 = --15o3 -+ - -15 f  a 

whereas 

(3e2X5if1) -~ (302)**(5i01) = ( - 3 o 2 ) ( 5 i o  1) = - 15ie2o i = - 1503 -+ - 15f3 

In particular, this means that 

(ieo)(fo) "+ (/Oo)**(Oo) = - i o o  -'> - i f o  = - - ( f  o)(ieo) 

As a result, imaginary numbers cannot  always be moved through other quanti- 
ties. This produces considerable complication. One must  proceed cautiously in 
applying the usually valid algebraic processes. 

We further define fu*  = fu  and {fv$ ) = (fo,  - f k  }. These are motivated by  con- 
sidering (eofu)* and (eofu)~ and using the multiplication table correspondence 
for o u. This new number  system is much more complicated and algebraically 
rich than the quaternion algebra. 

The new algebra can be thought of  as resulting from the generalization 

aUe u = (aR ~ + ialU)eu -~ (a~eo + b~fo)e u = aUe u + b#f# (3.7) 

This means that the wave functions double their degrees o f  freedom: 

qJa = ¢+(x)(eo + e3) + ¢ - ( e l  - -  ie2) "+ (!]/eo+ + $fo-)(eo + ea) 

+ (~eo-  + Cfo+)(el - ie2) (3.8) 

where ~be, is a function o f e o  and ieo, and qJ~ is a function o f f o  and ifo. Applica- 
tion of  2~e 3 from the left shows that the + s~pin assignments are correct, since 
e f f o  = fo( -e3) .  

4. Five- and Eight-Vector  Wave Equations 

This new algebra immediately suggests an enlargement of  our space-time: 
x = xUe u ~ Xe~e~ + x f t~fu .Then a Lorentz transformation would be x -+ x '  
= 5 ¢ * x ~ ,  and we must  decide whether 5e  e ~ ~ e  + o,Wf or not. Form covariance 
under Lorentz transformation was originally sold as representing the equivalence 
of  all inertial frames. Einstein then tried to develop a formalism giving the 
'equivalence' of  all reference frames. In tact, it now appears that there are no 
physically equivalent reference frames. The recent 3°K background radiation 
results indicate that  there is a preferred reference frame! This leaves Lorentz 
covariance as a mathematical symmetry  9f wave equations, rather than a physi- 
cal statement. Its structure, for a higher dimensional space, is then not  obvious. 
Indeed, we do not know why it should be true at all, even in ordinary space- 
time! The simplest extension is that  where ~ = ~ # e u  and £¢5¢* = e o are 
assumed to still hold. Physical laws in the extended space are postulated to be 
form invariant under the usual Lorentz transformations. 
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The following equation then naturally occurs: 

(PeUeu +Pt'~fu)~a = 0 t~a -+ ~a = ~ : ~ a  (4.1) 

The Dirac equation is obtained as a special case where 

e l o ¢ .  = esXCa = o, and (e"e.)* = P " e .  (4.2) 

We go to the matrix representation 

Oe,,) (0m 
to explicitly display the usual Dirac equation. Having done this once, we forget 
the matrix representation and explore the structure of equation (4. t)  with 
regard to covariance and the Klein-Gordon operator. 

By assumption, P = P* and P' = ~C~°*P~q~and ~ = ~ e- As a consequence 

~e*(elYo) Ze= ( e ? ; o ) ~ * ~  = e~°yo (4.4) 

Thusey°is invariant i f &  = 0. (We shall see that it is invariant even i f &  ~ 0.) 
The usual quantum postulate Pe ~' ~ ~e t~, suggests that pyo is associated with 
~f0, i.e. with ~/~T where T is an invariant time. The obvious 'basic time' for 
the universe is the time since the 'big bang' in the preferred reference f rame-  
'cosmic time'. The Dirac equation shows that Py°+-+m, the present rest mass of 
a particle. We thus obtain a connection between 'eigenstates' of  cosmic time 
and rest mass. The universe is apparently expanding as cosmic time moves for- 
ward. The conjectured connection between rest mass and eigenstates of the 
cosmic time operator may also indicate a connection between rest energy and 
the age of the universe. If rest energies are increasing, would we not see old 
photons, from distant atoms, reds.kifted (the 'tired light idea')? The slowly 
increasing energy of the universe would also affect the expansion rate. This 
speculation about the time dependence of rest mass is not a necessary con- 
sequence of the connection between mass and cosmic time. It does pose some 
interesting possibilities. The recent indications of possible failure of time rever- 
sal symmetry may also be tied in with the appearance of absolute time in the 
extended quaternion algebra and the expansion of the universe. 

An 8-vector has the form PeUeu + PyUf u. A corresponding 8-vector event 
would be characterized by (t, x k, T, a,/3, 3'). Our macroscopic experience 
would indicate that a,/3, and 3" are not macrocoordinates. They could, however, 
be subatomic degrees of freedom. If  they are cyclic, e.g. a + lo = a, they could 
be used to introduce a fundamental length into physics. This, along with c and 
42, would set the scale of the universe. But what would these coordinates mean 
physically? 

Let us look at the classical definition of 4-momentum to suggest an answer. 
We have (dt, dx k, dT, da k, m) parametrising the movement of a mass, m. From 
dt and dx k in eu, we have the invariant dr =(d t  2 - (dxX)2) 112. From dT and 
da k infu, we have the invariant dT. Therefore the "symmetric' way to define 
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the classical momentum 8-vector is 

dt dx k dT da k 
e=-PeUeu+Pfafu-m -~r e°+m dr ee+rn -d-T f °+m - ~ f k  (4.5) 

This gives the usual form when dak/dT is negligible. It seems quite 'natural' to 
identify m(dak/dT) with the spin degrees of freedom of a classical body. An 
event in space-time, characterising the instantaneous state of  a classical particle, 
would require specifying its mass, local frame time and particle position, cos- 
mic time, and the direction and magnitude of its angular velocity. Hence, the 
very peculiar ot k coordinates and momenta P~ ,  may be related, quantum 
mechanically, to intrinsic angular momentum (spin or tumble) for the funda- 
mental particle. As we shall see, these components transform among themselves 
under Lorentz transformation, with ptXpfk frame invariant. Under space rota- 
tions they transform similarly to Pe k. Without the existence of a preferred 
frame, they would be more suspect, since the pfk are all real, classically, only 
in one Lorentz frame! One cannot help being reminded of the complex angular 
momentum ideas of  Regge pole theory. 

Despite these tantalizing possibilities, the inclusion ofPf k momenta opera- 
tors, produce sweeping complications in the wave equation. Certainly the world 
would be much simpler to deal with, if these components are zero. 

To illustrate the subtleties of  this algebra we consider the simplest problem 
- a  free particle at rest. At rest is taken to mean that Peetp = P ~  = 0. We then 
have 

(Pe°eo + Pf°fo) ~ = 0 (4.6) 

To go further, we must now postulate the operator nature ofP u. From our 
past experience, we would be inclined to try PUe, y-+ ihau~f. This actually creates 
real problems. Recall that we have postulated tha tP  =P*. Then we would need 
(iha~fl* = (ih3Ucf). Since (i/~)* = -i/L we mn up against a u* = -au .  In the old 
Dirac theory, we interpret (iha)* as an Hermitian conjugate with respect to an 
inner product. Here, no such inner product has been defined. This problem 
seems to be very important. It is reflected in the problem of finding a conserved 
current, as we shall see later. 

Recall that the nonrelativistic limit is formed from the Klein-Gordon equa- 
tion. In this equation/ha u does not appear directly; we have 

[(ih3u)(/hau) -- m2]eo~ = [---h23ua~ -- m2]eo~ = 0 (4.7) 

Trying to factor this, is where Dirac originally started. To get the nonrelativistic 
limit, we rewrite this as 

[_h2aoao _ rn2]eo~ = [+¢~2akae] 

= [ihOO-m][i~O+m]t)~ [it~°][2m]t) (4.8) 

Thus, any first-order equation which gives equation (4.7), will automatically 
become the SchrSdinger equation in the nonrelativistic limit. 
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We can use the multiplication properties of  the quaternions to rewrite equa- 
tion (4.7) in the form 

[(ih3"e~)*(ih~Vev) - m2eo]$ = 0 (4.9) 

Then by postulating ihOVev ~ ihaVev - eA"ev, we obtain the Pauli equation in 
the nonrelativistic limit. This approach, however, doesn't treat m 2 as the 
'square' of  a momentum quaternion dement.  Also, when A is introduced we 
have to write 

[½[((/h~e~ - eA;'e~)~(ih~Vev- eAVev)} + ( }~] - m2eo]~ = 0 (4.10) 

because 3" and A v do not commute. We only want the eo term, so { }~ is added 
to cancel off the ek terms. 

To include m on an equal footing in the factorisation we go back to the 
Klein-Gordon equation with A" interaction 

[(ihb" eAU)(ihb,- e_A,)- m2]~ = 0 (4.11) 

This is known to be an accurate equation for charged, spin zero particles. 
Multiplying through by ( - 0 2  = - 1  we get 

[(ha" + ie.AU)(hO, + ieA,) + rn2]~ = 0 (4.12) 

This form suggests the extended quaternion factorisation 

[ee+Py]~=O, ee~-+h3U+ie.A" , PfU-+ {rn, 0} (4.13) 

Then 

((Pc t + Py*)(Pe + Py)} + ( }* = (PetPe} + ( }* + {mfoPe + mPe~fo} + { }* 

{Pppf} + { }~ = 2[(h0 u + ie-A~)(hO~ + ieA~z) + m2]eo + 2[mhOeO]fo (4.14) 

We see that equation (4.13) gives the e o term in the Klein-Gordon equation. 
Therefore, we could take as our basic postulate Pe ~ '+hO ~, with the electro- 
magnetic coupling +ieA ~. Notice that (h0U)* = hOU but (ieAU)* = -(ieAU), 
assuming A ~ is real as usual. 

The free particle rest state equation becomes 

[eehOe ° + mfo]q) = 0 (4.15) 

The solution is 

~ = [ e o c o s h ( h ) - f o s i n h ( 7 ) ] [ C l ( e o + e a ) + C 2 ( e l - i e 2 )  ] (4.16) 

where C1 and C= are arbitrary complex numbers. The solution is easy to verify 
because 3 ° commutes with fo- We have used e o = fofo also. 

Since this solution is not oscillatory, it is probably useless. If  we go back to 
equation (4.11), we can try the factorisation 

[Pe+Py]t)=O, PeU~i~aU-eA u , Pfa -~ {-m,  0} (4.17) 
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Then 

{(Pe $ - ef*)(Pe + Pf)} + { }* = {PeSPe} + ( )$ - (m2eo)-- ( }* 

+ (-mfoPe + mPe*fo} + { }* 

= 2[(ih& u - eA~)(ihb v - ear) - m2]eo 
+ [-m(ih~ ° - eA o) + m(ihb ° - eAO)*]fo 

(4.18) 

Therefore, we again obtain the eo term in the Klein-Gordon equation. In this 
case our basic postulate is Pe ~ -+ ihO ~ =-- (ih3#) *, with the electromagnetic 
coupling - c A  ~ =- (-eAV) *. Notice that this causes the fo term in equation 
(4.18) to cancel. 

The free particle rest state equation now becomes 

[eoih~ ° - rnfo]~ = 0 (4.19) 

The solution is more subtle and relies on (/h~ °) =-- (ih~°)*: 

[ [  m t } [  ~_t]] 
~rest = eo cos -~- - fo/s in  [Cl(eo + e3) + C2(el - ie2)] (4.20) 

The critical step is 

[eo i f i3°][ fo i s in~]  = [ f o ( i h ~ ° ) * ( i s i n ~ ) ] = [ f o ( - m c o s ~ )  ] (4.21) 

and use is made of  - ie  o =fo(-i fo) to factor mfo out to the left. I f  we consider 
(ieo)$rest, we find that (ieo)(mfo)@rest = -(mfo)(ieo)t)rest, which, means that 
(ieo)qJres* is the solution to equation (4.19) if  m -~ - m .  This appears to corre- 
spond to cosmic time reversal, T--> - T .  (The expanding universe then suggests 
a natural asymmetry between matter  and antimatter.) For a given sign of  m we 
do not appear to obtain 'antiparticle'  solutions! Notice also that exp i0 ~rest is 
not a solution unless 0 = 0, because mfo will not commute  with the imaginary 
part of  exp iO. The old arbitrary phase factor is also gone! Any constant quat- 
ernion, multiplying @rest from the right, leaves it a solution. 

We can now consider 

- m / o  ~ - [foikay °] $ = fo[eoikOf °] ~ (4.22) 

Is this compatible with equation (4.19) and the solution (4.20)? It  is if, again 
we define (ikOf°) * = ikOf o, where k is an undefined real constant (possibly 
cosmological). We can then carry (eoikOf °) through [foi sin (rnt/h)] and obtain 

q J r e s t = ( [ - e o c o s ~ - - t ] - [ f o i s i n h t - ] ) e x p ( ~  ) 

x [Ci(eo + ea) + C2(el - ie2)] (4.23) 

Notice that m can be pulled through the f0 sin (mt/h) term only if it is real. 
There appear to be no spin ½ tachyons in this algebra! 
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Under a Lorentz transformation, we obtain 'plane wave states' 

q/a(rest) --> ~a(planewave) = ,,~$ ~a(rest) (4.24) 

For example, a boost along x a corresponds to ~ =  cosh (0/2)e0 + sinh (0/2)e 1. 
The equation (4. t 8) suggests the covariant equation 

(Pc* - f f*)t~v = 0 Ov -+ ~'v = ~ * O v  (4.25) 

It gives the cosmic time reversed rest solutions of equation (4.19) and ~v(rest) 
= +i~a(rest).  Later we can show that it is covariant. These wave equations for 
@a and Ov are the 8-vector analogues of the massless Weyl wave equations for 
~/a and Or. 

We seem to have achieved a decoupling of positive and negative 'energy' 
states, at the cost of having to deal with functions of a noncommutative ring 
algebra Cleo + C2fo, instead of the field algebra Cle o. (The numbers fo and ifo 
are solutions to the problem x 2 = 1 and ix + x i  = 0.) This is a high price to pay, 
but the possibility that the absolute time operator may illuminate the particle 
spectrum, since it acts as a mass eigenstate operator, may make the added 
complications worth the effort. The eight component set {eu, fu} atso reminds 
one of the '8 fold way'. We can form groups with it similar to SU(3) except 
that we would expect 8 basic partons, with antiparticles, instead of three 
quarks. After all, this algebra was produced by the existence of rest mass in 
physics. 

Neither should the pfx terms be dismissed lightly. It has been known for 
some time that rotations of 360 ° do not give ~ =  eo, but rather ~a = ie3 for 
rotations around the z-axis. Thus ~ is not invariant. Notice that 

~ * f l ~  a= (ie3)*f l(ie3) = f2(ie3) = - - f  x (4.26) 

so that {Pfkfk} changes some signs under a 360 ° rotation of our coordinates. 
It then does not correspond to ordinary angular momentum. It may someday 
explain the reason why two complete rotations are required to bring you back 
to the same orientation with respect to the universe. 

5. Eight- Vector Inner Products: Maxwell's Equation 

In order to write down a generalised Maxwell equation, we need to define 
the inner product (PIA), as well as (PIP), in a covariant manner. We have seen, 
in equations (4.14) and (4.18), that two conjugations can be considered in 
addition t o ,  and ~, in forming the generalised inner product: 

(ee+Pf)A~Pe$+Pf *, (ee+ef)V=-(ee$-ef*), (ee+Pf)AV=(Pe--ef) 
(5.1) 

We know that in the usual complex quaternion (massless) case 

(PelAe) - ½[(Pe*Ae) + ( )$] = Pe"Aeueo (5.2) 

This needs to be generalised for 8-vectors. In order to examine possible general- 
isations, we need to investigate composite conjugations, which follow from the 
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e and f multiplication table. This is straightforward but tedious. The following 
resutts are readily verified: 

(eaet,) *t" = eb*eJ;,  (fafb)* = fb*fa*, 

(el)* = f*e$, (re)* = (e*¢'*), (%05 = f ' e* ,  

(eaeb)*= eb*ea* , 

( f J P *  = h,*L,*,  

(re)* = e*B 
(ab)* * = aS*b**,  

( e J % ) *  = eb *f*ea~, 

( e f j p *  = fb *fa *e*, 

We can now calculate 

(ab) A = bAa a (ab) v = bVa v 

(eafeb)* = eb*Fea*,  (raefb)* = fb*e*fa ~;, 

(reae~)* = eb*ea*f*, ( fa f f fc)*  = fc*fb*fa* ( 5 . 3 )  

( S * p ~ ) v ( ~ * A ~ )  = [ ( s*Gs)*  - (S*PsS)*]S*AS 
= S . t .  [pv(s**~*)A] S 

(~,cf*P~Lf)(~Lf*A~ff)v = S * P  ~ [  ( ~ L f * A e S ) $  -- (~L,a*Af~f) *] 

= ~o. [e(S~q,$)AV]~Lf$, (5.4) 

This shows that these terms transform differently, therefore they cannot be 
added to form an innerproduct. Notice, however, that 

(pVA)A -+ ( S * p v A s )  A = ( S $ ( e  + f ) S )  A = ( S * e S )  A + ( S * f S )  A 

= S * e * S * *  + S * ¢ ' * S * *  = S * ( e  + f )AS  (5.5) 

So we can form an inner product given by 

pVA + (eVA)A-> [ S * ( e  + k S ]  + [ ]A = S * [ e  + e* + f + f * ] S  

= S ÷ + [ e + e $ ] S + S ~ [ f + f * ] S = e + e $ + S * [ f + f * ] S  (5.6) 

This inner product is not invariant. It transforms Iike S $ (  ) S a n d  has an in- 
variant part, e + e$. In the timit P,  and AS-+ 0, this gives the old result for the 
massless 4-vector quaternion inner product, P e g A e u e o  . For the special 8-vector 
case A -)" P, we get 

pVe  + (pVp)A= (peUPe , -eS"pyu)e  o + [(pe:~Pf) - (Pe*P$)*] + [ ]* (5.7) 

Since [¢'- f*] + [ ]* = 0, the noninvariant part of this inner product is zero, 
for the norm of an 8-vector. 

These two results for (P]P) and (P [A) are exactly what are needed to write 
the covariant 8-vector Maxwell equation! 

(PIP)A - P(PIA)  = J, A --> A '= ~.--~*A..~, J--> f = ,Lf*J~,.W, 

( p l p ) - > ( P ' l p ' ) = ( p l p ) o : e o ,  P ~ l C = S * P S ,  (PIA)-->(P'IA')= S $ ( P I A ) f P ,  

(PIA) =- ½[(pvA) + (pvA)A], P'(P'IA') = S * P ( P I A ) S  (5.8) 

Notice that 

J = a *  = (a~ +aS)* ~ ( ~ * J ~ ) *  = ( S % S ) *  + (S*JsLZ)* 

= ~.cf*Je*~...~ + ~ f ' *J f* ,~$*  ¢ ¢Lf*(J e + Jr) S =  J '  (5.9) 
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Again we see the subtle complications of  8-vectors. In general, i f J  is more than 
a 5-vector, it does not produce a real photon field A, since J = J* is not a 
Lorentz invariant concept for jyx ~ 0. Zero mass photons are characterised by 
Py°A = 0, but this does not imply that PykA = O, so that A could still in general 
be an 8-vector. 

This discussion leads us to the problem of finding an 8-vector current vector 
for the generalised Dirac equation. We would like it to be real and conserved, 
if possible (at least the Je part). We suspect, already, that the P ~  operators 
will cause one or both of  these requirements to fail. We would also suspect 
that C A rather than ~v (which introduces a minus sign) will play a role, since 
the]  ° component 'should' be real in the limit p /c  _+ 0. 

6. Eight- Vector Dirae Current 

The question of  Lorentz covariance is most complicated for the Dirac 
current problem. This was true in the old quaternion matrix formalism we used 
previously. There we had 

=rUe u (6.1) 

Here, for the first time, quatemion basis elements (e u and eu* ) appear directly 
in the simplest expression of  the desired quaternion 4-vector current. We must 
decide how they are to transform under a Lorentz transformation. This was 
answered by considering the more general case of  quantum theory in curved 
space-time. There it was found that e u -+ bU(x) in]  u, so that J = ]Ubu(x ) is in- 
variant for any general coordinate change. The Lorentz principle thus involves 
~a ~ S*t~a, ~v -+ S * ~ v ,  bU(x) ~ f * b U  • ,  and bu(x ) -+ ~ * b u  f , such that 
the equation containing rub u is form invariant. We find then 

" '*  ' - '  = ( S $ ~ a)*(~-W*euS)( f $ ¢a) = invariant ~a*eu~a-~ Via eugaa 
(6.2) 

~v*eu*~v-+ ~ * e ~ * ~  = (£a*~v)*(f*euL*a)*(£a*~v) = invariant 

The [ ]* term in]** is included so that L,~* can be pulled through j u to the left. 
T-  -u "u' ' .,z , nen l  e u ~1  eu =1 eu = iu~ .P*euf  = 5~'*]UeuS, under a Lorentz transforma- 
tion. A similar kind of  approach should work in the extended quaternion 
algebra. 

We first look for an invariant of the general form 

t~a?'g~a where g = e or f (6.3) 

Under a Lorentz transformation, this becomes 

(~$~a)?~,~*g~C~/,,~:~a ~ (~'(' ~ a )  ? = ~a?~( '$* (6.4) 

The conjugation with the general property (ab) ? = bea ~ is (ab) A. However, 
~a$A = 5¢'$* = c g,. Since (ab)** = a**b:~* in general for the extended algebra, 
we are saved. Let ? = A:~*. Then S ' A *  * = 5¢**** = L~a* * as desired. Notice 
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that all this works out only if ~,¢ = 5Pc . Earlier, we assumed this would be true 
for the Lorentz principle in the extended algebra. Here v4e see that it is a very 
important  restriction. Our expressions for]~ will look very similar to those in 
second quantised conventionaI quantum theory, if A:~* = t .  In the second 
quantised context,  t refers to the Fock space Hermitian conjugate. Our present 
considerations are restricted to an unquantised approach, so t is just an abbrevia- 
t ion for A~*. Therefore, 

(ab)t  = brat ,  e t  = eA* * = e*, f t  = fA$* =f '~ (6.5) 

We now have 

]ta ~ ~atg#~a = (~atgtat~a)t,  eu t  = e~, f ~ t  = fu$  (6.6) 

sojU is a Lorentz invariant, and we must add something to it so that it becomes 
cc Co. In general 

a =- e +f=- a t  = e* + f ~ a e  u = ae u*, a/x = 0 (6.7) 

Therefore 

(~a teu~a) t  = (~ateut~a) =>(¢ateut~a) = aeUeu + acUfu (6.8) 

has ae u = aue * and aye = 0, but af  ° unspecified. The same general properties 
would apply for ~a?fo~a. Note that  

(~atf)c~a)? = --(~atflc~la)=> (~atfk~a) =- aeUeta + af#fu (6.9) 

has ae ~ = - a e  u* and a f  ° = 0, but ay e unspecified. Once again, fk  provides com- 
plications. These fx  terms are the only gu elements in ~ tgu~  which do not  
have a real e 0 component .  

According to the invariance principle, we cannot just write 

J = [ C tgu$  le o eomponemlg# (6.10) 

We must, instead, add enough conjugation terms to "~*gu~ to cancel the ek, fo,  
and fk  terms. This seems to automatically eliminate the eo contribution of  e u 
and fo  or o f f k  i n ]  u. We supposedly must keep the e u contributions, Ste**ff, 
therefore it seems that J = ]Ugu is only a 5-vector and is real: ]yk = 0, ]e u* = ]e u, 
J? =Jd*. 

Explicitly, 

j =  ¼{[(~tgu~) + ( )v$,]  + [ ]V}gu=]eUeu+]pfo (6.11) 

In curved space gu -~gu(x).  (Notice then that ~?eoff = f f t~  in flat space but 
~ tbo (x )~  ~ t~t~ in curved space!) We can display je ° directly, using 

~0 a ~ F 1 [Co, fo](eo + e 3) + F2 [Co, fo] (e t - ie2) 

= Gl+[eo](eo + e3) + Gl-[eo]fo(eo + ea) + Gz+[eo]fo(el - ie2) 

+ G2_[eo] ( e l -  iez) 

= [Gx+(eo + ca) + Gz- (e l  - ie2)] + [G2+0et - if2) + G l - ( f o + f 3 ) ]  

- -  [~el + [q'sl (6.12) 
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We find that 

]0 = (~l-e0~)[eopar  t = ( ~ e  + ~f)"f(~e + ~/f)[e o = ( ~ e *  + ~df~:)(t~e + ~f)[e o 

= [Gl+[ 2 + [GI-[ 2 + [G2+[ 2 + [G2_t 2 (6.13) 

Notice that functions F[eo, fo] and G[eo] in ~ have the properties 

F[eo, fo]tF[eo, fo] = (G+eo + a-fo)t(G+eo + a-fo) 

= (G+*eo + G-fo)(G+eo + a-fo) = ([G+ [2 + [G_[2)eo 

+ (2G+G_)f o (6.14) 

I f w e u s e t h e n o t a t i o n v * *  = ®,then(aeo+bfo) ® =a*eo-bfo .  Wecan 
now write equation (6.13) in the form 

]0 = ½ [(FI-{-FI ) + ( )@] + ½[(F2,F2 ) + ( )®] 

F1 ® F I  = (IG+I a - I G - ? ) e o  + Ofo (6.15) 

This provides a positive definite norm for the number system Cleo + C2fo. We 
further note that 

(Cleo + C2f o)(C3eo + Caf o) = (C1C3 + C2"C4)eo + (C2C3 + Cl*C4)fo = 0 

-->CxCa + C2"C4 = 0 and C2C 3 + CI*C 4 = 0 

This can be satisfied for Ca = C4 and C1 = -C2" .  Therefore, the number system 
(Cteo + C2fo} has zero divisors in it and, as the second equation in (6.15) 
shows, the cancellation law holds only when ICl[ 2 ~ ]C2] 2. This is definitely a 
ring, rather than a field. 

We concluded above that J should be a 5-vector, instead of  an 8-vector. 
Under a Lorentz transformation this gives 

J' = -L~'*(Je +J/°fo)S¢ = J-~*Je S + ]pfo CS~'S (6.16) 

which shows that ] :°is a scalar field. Explicitly, it is 

]fO = ~ffO~[eopar t = (~e + ~f)tfO(~e + Cf)le o 

: [(GT+G1 - +  G~+G2-) + ( )*]Co (6.17) 

Reibrring back to equation (4.20) for q/re, t, we see tha t / fo  = 0 in this case. 
This must also be true then for / fo  representing a 'plane wave' particle state 
(constant V). It seems likely that A has an A:  ° scalar component  i f / f  ° is ever 
nonzero. This would represent a scalar electromagnetic field component.  

We see that J, as a source of  A, has three distinct parts: Ye,/f°fo, a n d / / ' f k -  
To couple these to A, we must introduce scalar charges ('x eo) in front of  each 
type. It  would be presumptuous to expect that all these charges are equal. In 
fact, some may be zero, in order to satisfy some other general feature besides 
Lorentz covariance, e.g. a conservation law. Also, there could be other A type 
fields described by the Maxwell form but with their own sources, e.g. ]fxfk 
alone, as a source. 

The same can be said of  the A$a couplings, since A in general can have three 
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distinct parts: Ae, A p f o , a n d  Aykfk.  These parts are each self-contained under 
Lorentz transformation. The unique, 'one-sided' transformation structure of 
@a and @v, allows us to also consider A@ae couplings, where now e = ee + el, 
in general, and is invariant. The coupling ef°fo ,multiplying $a from the right, 
gives 

~aef° fo  = [Gl+(eo + e3) + G2- (e l -  ie3) + G2+(fl - if2) + G1-( fo+f3)](e f° fo)  

= [Gl+(f0 - f3) - G~-(fl+ if2) - G~+(el + iez) + G ~ , ( e o -  e3)]ef°e0 

(6.18) 

Thus, an fb charge coupling on the right, doubles the internal degrees of free- 
dom of ~a from 4 to 8, just as quaternion charge ekek did in the old matrix 
formalism (Edmonds, 1973). Here, however, we have three possible new 
'charge' couplings, ee k, ef ° , and ef k, instead of just one, ee k. 

We note a special feature offo. It can be used to introduce a ~v term into 
the ~a equation 

A(efOfo)~v ---> A'(efOfo)~'v = ~ * A ~ ( e f O f o ) f * ~ v  

= ~LP*A~-c/;$(ey°fo)~ v =~Lf'*(A(ef°fo)t~v) (6.19) 

This reminds us of the m coupling for the Weyl equations for Ca and ~v, so we 
could consider 

(o o")(::) 
However, this does not seem to generate any really 'new' structure. 

The generalisation of P to Pegeu + PyPfg, raises questions of finding a con- 
served current J to act as a source of A. Indeed, it brings into question the 
meaning of conserved itself. The simplest covariant generalisation would be to 
require that (Pe +PylJe +Jr) = O, where (P[J) is given by equation (5.6). This 
inner product is, in the most general case, not invariant. The usual requirement 
of assuming a conserved current is perhaps an oversimplification of nature, in 
the fully relativistic domain where virtual transmutation is common and the 
concept of a single type field in space an obvious oversimplification. 

Below we consider the usual Dirac current conservation in this extended 
quatemion algebra, for the case pyk~ = 0 and Py°t~ =- - m ~ :  

(PeUeu + efOfolJVe~,) ~ ½[pVj + (pVj)h] 

= (PeUJu)eo -- [Pf°*foJ~'eu] + [Pf°*foJUeu]* (6.20) 

ButPf  0* =-pfOand J~* - J g ,  therefore 

(e  [J) = (Pe~Ju)e o - (Pf°'Jeg)f# ( 6.21 ) 

This is not invariant. As we shall see, (Pf°JeU) = - m J e  u, so the fg term will not 
go away. We can overcome this difficulty by again redefining the covariant inner 
product for 8-vectors. 
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We can still define 

(PIJ)I~- ½[(pva) + (pva3v ] (6.22) 

provided care is taken in evaluating the second term. Recall that (e + ~'¢ = 
e$ - f*.  Expanding P and J, we find 

2(P IdOlI = [(Pe :~ - P f * ) ( J e  + Jr)] + [ ]V 

= [ p e S J e _ p f . j e + P e : ~ j f _ p f * j f ]  + [ ]V 

= (Pe*Je - Py*Jf)  + ( )* + (Pe$JY - Pf*de) - ( )* (6.23) 

Under a Lorentz transformation this becomes 

2(FIJ ' )H = [(ee*Je -- P.C*Jr) + ( )*] + £ e $ [ ( e e * J y - e P J , )  - ( )*] i e  (6.24) 

It would appear to not be invariant, in general. Notice that 

P e S J f  --  P f * J e  -+ P~e*JfVo,uC.rv - P~f*Je!a°v°,u ( 6 . 2 5 )  

Obviously this is imaginary and not equal to zero for / l  ~ 0, v :~ 0, and/ i  $ v. 
Therefore (PIP)u ~ e0 only if P/x = 0. Also, ( P I J ) I  Icc e0 i f J fk  = 0 and Pf~J = O. 
Therefore, for this inner product, we can write 

(PeUe u + Pf°fo[JeUels)i I = (PeUJe#)eo + Ofu (6.26) 

Both of these inner products transform the same way and either can be 
used in the generalised Maxwell equation. This latter form seems most 'com- 
patible' with 5-vectors and the former form with 8-vectors, should any physic- 
ally exist. 

We can now examine the conservation taw for the current 4-vector, using 
equation (6.26). For the 5-vector wave equation 

(PeUeu + Pf° fo)~  a - (PeUe~ + -rnfo)t~ a = 0 (6.27) 

we find, concentrating on only the first term in]  u, 

pet~(~atela~la) = (PeU~a*)ela~Ja + t~a*e#(Pet't~a) 

= (petZ*¢a)'~eta¢a + ¢a?(evPeUt~a) 

= (eut(PeU*4,a))*4,a  + ~/a?mfO$a (6.28) 

* t / ~ *  # S O Since e u = eu = e v and earl'er ( e ~ P e )  - euPe w a f  und necessary, we get 
(ettPe#t~a)?t~a for the first term in equation (6.28). As a result, equation (6.28) 
does not give zero. In our previous work we got zero here by separating ~3/a 
and putting the/~ term with m. It was then assumed that au* = ~v and (alJ)  
was computed. This seems inconsistent and tromped up. This discussion may 
be showing that the usual conserved current ideas are naive, or simply that the 
extended quaternion formalism is awkward in dealing with conserved currents. 
In curved space-time and for the 8-vector wave equation momentum operator, 
the conserved current idea certainly becomes complicated. After all, those 
present problems with ordinary relativistic quantum theory', involving negative 
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probabilities, are related to the probability interpretations of the current 4- 
vector. The space-time extensions considered here, indicate that probability 
conservation is much more subtle in the 5- or 8-dimensional space-time. 

7. Curved Space Considerations 

The 5- and 8-vector ideas introduced here, can be easily extended to curved 
space-time, using the ideas we recently put forward for the quaternion formu- 
lation (Edmonds, 1974). We restrict our attention to the Dirac equation for 
brevity, since the rest is straightforward. 

In curved space we have 

PeU% + PY"fu "+ PeUbl~(x) + P13"hu(x) (7.1) 

bu(x ) = bu(a)(x)ec~, hu(x) = hu(~)(x)fc~ 

To define the space-time dependent quaternion elements, we use 

b u =- L*(x)e~L(x)  h~, =- L*(x)fuL(x ) (7.2) 

and 

buS(DUD v -  DVDU)bv = bu STUVb v (7.3) 

Equation (7.3) can be used to find bu(x), or equivalently LU(x)e u. Notice that, 
since L is assumed to be an L e like ;LP was, 

bu* = (L*euL)* = b u hu* = (L*fuL) = L Sfu*L ** (7.4) 

so that 

ho=L*fo  L =foLSL and ho* =foL*L** =¢~(LSL)* (7.5) 

Thus, h o is not real unless L SL is real. In general L SL ~ leo, but is, instead, 
some function ofx .  

The covariant derivative in equation (7.3) is defined by requiring that 

DU(gv~)---O guv--½[(bu*bv)+( )¢]=eo (7,6) 

But for the generalised Dirac equation, we need 

(ihbuDe u + ikhuDfU)~k a = 0 (7.7) 

and Dfu remains undefined. We could define it by extending equation (7.6): 

D1,Ufgff)vx ) -~ 0 go'),v =- ½[(huVhv) + ( )V] ~ eo (7.8) 

This extension includes equation (7.6)--just replace (f) by (e). 
As in the quaternion formalism, we can define tp a = ¢gau~4u(x) where 

~(e)#(X) - L Se~ ZOgu(x ) =- L Sfu (7.9) 

Then 

DVZ(e)tz(x) = DV(L Seu) = DV(L ~-)e v (7.1 O) 



VECTOR EXTENSIONS OF RELATIVISTIC QUANTUM THEORY 289 

The covariant derivative of L comes from 

Dtt(gvx) = 0 and bg - L *e~L (7.1 l) 

To evaluate D~(~kaV), we use equation (7.10) and the requirement that equation 
(7.7) must be form invariant under the Lorentz Principle. 

This is only an outline of the curved space formalism. We include it to show 
that the 5- and 8-dimensional space-time extensions can be readily generalised 
to include curved space. Thus quantum field equations and gravitation can be 
blended in the enlarged space i n a straightforward way. Quantisation of these 
equations is not straightforward and poses formidable difficulties. 

The curved space generalisation shows how t and T, in the 5-vector 
(dtbo + dxkbg + dTho), are algebraically distinct, even though in the preferred 
frame dt  = dT. The space-time dependence orb0 and ho is quite different: 

be(x) = L*eoL = eo(L*L),  ho(x) = L*foL = fo(L*L) (7.12) 

Ultimately, we must consider the swarm of partons as a master field, with some 
kind of wave equation or coupled equations. 

Particular composite states of this swarm are then 'stable' eigenstates of the 
cosmic time operator ikO/3T. This would be analogous to the stable swarms of 
protons, neutrons, and electrons we call atoms which have definite masses 
(and some of which are unstable). These composite states have internal and 
translational energy states, related to the local (frame dependent) time operator 
ihO/~t. The parton dynamics themselves are presently unknown. They may 
involve extended quaternion coupling constants or be otherwise radically 
different. Hopefully, the cosmic time operator will open productive new 
approaches to the mass spectrum problem. 

8. Algebraic Isomorphism 

We have seen that the complex quaternion algebra naturally describes space- 
time and particle dynamics, in the absence of rest mass. We have also seen that 
rest mass leads to a generalisation from complex quaternions to a (16 real 
number) algebraic number system. This generalisation involves extending the 
complex number system (Co, ieo} to a noncommutative ring {eo, ieo, fo, ifo). 
This extension, from the way we introduced it, appears somewhat artificial 
and 'cooked up' to stretch the quaternion number system in a semiarbitrary 
way. After completing the development as described above, I found that it is 
not arbitrary at all. 

The extension discussed is the natural extension of complex quaternions, as 
we shall now show. (That it so nicely accommodates rest mass, is probably no 
accident!) 

Hamilton originally invented the quaternion algebra in 1843 to generalise 
the vector ideas of complex variables, Px + iPy, to three dimensions. His 
'regular' quaternions are four part numbers a = a ° + agiag where Pxiol  + 
Pyia 2 + Pzia 3 gives the desired generalisation. (It was not appreciated unti! 
long after Minkowski space, that Pt 1 gives the fourth part of the quaternion, 
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meaning that the quaternion formalism is really tailored to relativistic physics.) 
The basis elements here are {1, iag). They form a group under multiplication. 
It turned out that complex quaternions, obtained by letting a ° and a k become 
complex, were required to describe massless relativistic quantum theory. This 
larger algebra has another closed subalgebra, in addition to (1, ial, io z, i03}. 
This other subgroup is {1, i01, 02, cr3}. Unlike the regular quaternions, it forms 
a noncommutat ive ring (instead of  a noncommutative field). Notice that 

(a ° - akiok)(a ° + akiok) = (a°) 2 + (aea k) >~ 0 

(a 0 -- aliol -- a202 -- 0303)(a 0 + aliol + a202 + a303) (8.1) 

= [ (ao )2  + (a l )21  - -  [ (a2)~  + (a3 )2 ]  

Each of these two subgroups has the further subgroup {1, iol} which is 
isomorphic to {1, i}, the complex numbers. The regular quaternion algebra 
can thus be generalised, symbolically, by forming ( t ,  iol} ® {1, iak}, 
k = 1, 2, 3. This is the algebra of  massless relativistic physics. What then do we 
get when we form the next larger natural algebra? You guessed it. The algebra 
£t, iol, 02, 03} @ {1, iol, io2, io3) is isomorphic to {e o, ieo, ee, iee, fo, ifo, 
fk,  ilk). By comparing the multiplication tables, we find that 

1 @ l = e o  1 @ i o k= iee  iol @ l = i e  o 

iol  @ i e k = - - e k  02 @ 1 = f o  02 @ i(~k=ifk (8.2) 

0 a @ 1 = ifo and 03 @ iek = --fk 

Therefore, {1, io 1, 02, 03} is isomorphic to {eo, ieo, fo, ifo}. 
The wavefunctions can be considered as functions of  the ring (eo, leo, re, 

ifo), multiplying e u from the left. For particles without mass, presumably the 
wavefunctions consist of  functions of  the field (eo, ieo), multiplying e u from 
the left (at least when no interactions with massive particles are considered). 
This restriction appears to also be true of  massive particles, in the nonrelativis- 
tic l imi t - the  Pauli equation. This is probably why the generalisation had been 
overlooked until now. It would appear that the analytic function machinery, 
used in nonrelativistic quantum theory (dispersion relations, complex angular 
momentum,  poles, etc.), should be generalised to a 4-dimensional hypercomptex 
plane for relativistic quantum theory. 

Acknowledgements  

Thi~ development has been five years in the making. It is a pleasure to acknowledge 
the encouragement I have received from a few professional friends and acquaintances. I 
especially thank Don CottreU and Darrell Jackson for recently convincing me that there 
may be something to the idea of extending space-time to more than four dimensions. 

References 

A fairly complete listing of the background literature is to be found in our previous 
quaternion papers: International Journal of  Theoretical Phys&s, Vol. 6, No. 3, p. 205 
(1972), VoL 7, No. 6, p. 475 (1973); Foundations of  Physics, 3, 313 (1973), to be published 
(1974); LettersWuovo Cimento, 5, 572 (1972), 7, 398 (1973), to be published. See 
especially American Journal of Physics, 42, 220 (1974), for early quaternion references. 


